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Equations of motion of director and velocity of nematic liquid crystals under pressure 
gradients are derived from the Ericksen-Leslie theory. Under suitable approximations, 
these coupled equations are reduced to a single (2 + 1) nonlinear partial differential 
equation for the director angle. Boundary effects are taken into account. Similarity 
analysis of this equation is presented. Properties of steady-state solutions are discussed. 
Numerical solutions are obtained. Traveling solutions of the (2 + 1) equation are 
given numerically showing the existence of solitons propagating along the direction of 
the pressure gradient (in both directions). Corresponding optical interference patterns 
of these solitons under both monochromatic and white lights are calculated. Good 
agreement between our theoretical results and recent experiments are obtained. 

1. INTRODUCTION 

Solitons in liquid crystals is a fascinating subject of much recent 
In particular, the existence of propagating solitons in uni- 

tPaper presented at the Tenth International Liquid Crystal Conference, York, United 

$Correspondence address. 
Kingdom, July 16-20, 1984. 
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48 C. SHU and L. LIN 

form, steady-shearing nematics was first pointed out by Lin et al.334 
Relevant experimentss were analysed and interpreted3x4 as experi- 
mental evidence of these solitons. Also, effects of external (magnetic 
or electric) fields on these solitons are given.6 Analytic forms of these 
solitons (at high speed), together with their energies and classifica- 
tions, are provided in References 2, 3 and 6. More recently, multi- 
solitons, time evolution and decomposition of initial state,* two-di- 
mensional anaylsis7 and proper determination of the distribution of 
director angles8 (as function of space and time coordinates) from 
experimental data are investigated. Furthermore, time-dependent un- 
steady shearing nematics have been studied9 by the multiple scales 
perturbation methodlo and solitons are found to travel with time- 
dependent velocities. 

The natural questions to be asked are: Can solitons also exist in 
nematics under other circumstances? If so, how do they differ from 
t h ~ s e ~ . ~  above? 

The present paper is a theoretical investigation of nematics under 
one-dimensional pressure gradients. Solitons are indeed found to exist 
in this case (Section V). The governing equation (Section 11) is no 
longer the damped, driven sine-Gordon equation used in the uniform 
shearing c a ~ e . ~ . ~  Our theoretical results are in good agreement with 
 experiment^^^.^ (Section VI). 

II. EQUATIONS OF MOTION 

Let us assume that a constant pressure gradient is applied in the x 
direction to a nematic. Possible transverse flows are inhibited by the 
boundaries of the liquid crystal cell in practice (see References 7 and 
11). We therefore start with the ideal situation that 

and 

where v, n andp are the velocity, director and pressure, respectively. 
(In Section VI, y is taken as the normal of the liquid crystal cell 
surfaces.) Under E q ~ ( 2 . 1 )  and (2 .2 ) ,  the Ericksen-Leslie equations’* 
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SOLITONS IN NEMATICS 

become (notations below are adopted from Reference 13) 

49 

d20 d0 av, av 
dt 

M ,  = K (2 + 5) - Y G  + 4% (7 - 2) 

- 4y2 (2 - 2) sin28 - Sy2 (2 + 2) cos20 (2.3) 

a 1  a + a,, + - a:, (2.4) 
aY 

where the moment of inertia density M is denoted by p1 in Reference 
13, pis the density. In Eqs. (2.3)-(2.5), for simplicity, the one-constant 
approximation ( K ,  = K2 = K3 = K )  is used, and 

a:, = (a2 + a,)(de/dt - ~Jcosesine + [(a5 + a,)sinecose 

+ 2a1 sin3ecose]d,, + (-a,sin28cose + a4 + a,sin28 + a,sin28)d, 

a:, = (a,COS2e - a,sin%)(de/dt - wXy) + (a, + a,cos2e + a6sin28 

+ 2a,sin2ecos2e)dxy + ( -falsin28cos2~ + a,sinecose 

a;, = (a,cos28 - a2sin26)(d8/dr - oxy) + (2a,sin28cos28 + a4 

a;, = -(a, + a,j(de/dto,)sinecose + [2a1sin@cos38 

+ (a, + a6) sinecose]dxy - (a,cos28cos26 + a4 + a,cos2e + ~6cos2e)dxx 
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50 C .  SHU and L. LIN 

where 

In Eq. (2.6), the incompressibility condition, 

has been used. 
The four coupled equations (2.3)-(2.5) and (2.8) (for the four un- 

knowns 8, v, vy and p)  are obviously too complicated to be solved 
exactly. Some kind of approximation is needed. 

M - 10-l2 gm cm-'. In the experiments 
of References 7 and 11, the x and y dimensions of the liquid crystal 
cell are typically 20 cm and 50 km, respectively (the glass surfaces 
are in the x-z plane), velocity of the observed wave c - 10 cm s-'  
and p - lo4 dyn cm-2. With a characteristic time to - 0.1 s one may 
estimate the order of magnitude of each term in Eqs.(2.3)-(2.5). 
Keeping only the highest-order terms and other relevant terms, 
Eqs.(2.3)-(2.5) are simplified to 

Note that p - 1 gm 

ax ay a [  at lavxI aY 

ae 
- 9 + - +,(el - + +2(e> 7- = o (2.10) 

(2.11) 

where 

+,(e) = a4 + a5 cos2e + a,sin28 + 2a1 sin28cos2e - +,(8) (2.12) 

Equation (2.11) implies p = p(x). Integrating Eq.(2.10) once with 
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SOLITONS IN NEMATICS 51 

respect to y (taking the constant of integration to be zero) and com- 
bining with Eq.(2.9) one has 

In dimensionless form, Eq.(2.13) becomes 

where (assuming y2 < 0 for real materials3) 

and p o  is an arbitrary but constant value of the pressure p .  
For a homeotropic cell, the boundary condition is 

e(X, k D/2, T )  = 0 (2.16) 

For planar cell, 

0(X,  5 012, T )  = d 2  (2.17) 

where the two glass plates are located at y = kdI2, and D = dIX. 
Equation (2.14) [or (2.13)] is the basic (2 + 1) nonlinear partial 

differential equation to be investigated below. It is more complicated 
than the damped, driven sine-Gordon equation governing the uni- 
forms shearing case [see Eq. (I) of Reference 31. Solutions of Eq. 
(2.14) have the symmetries, 
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52 C. SHU and L. LIN 

General properties of Eqs. (2.14), (2.16) and (2.17) will be given in 
Sections 111 to V. 

111. SIMILARITY ANALYSIS 

It is possible to relate the physical quantities in two different liquid 
crystal cells by a similarity analysis. Using subscripts 1 and 2 to denote 
the two cells it is not difficult to see that, under the conditions that 
the material parameters (al, yi) are identical and 

solutions of Eqs. (2.14), (2.16) and (2.17) for the two cells (in di- 
mensionless forms) are identical to each other. Here, C is a typical 
velocity, e.g., the velocity of a traveling wave in the X direction (see 
Section V). Denoting 

Eq. (3.1) implies that 

where c = C A/?. For two cells satisfying the conditions of Eq. (3.1), 
their respective physical quantities are given in Table I ,  where p is 
an arbitrary positive number. Here, no and n, are assumed to be the 
same for the two cells and 6 is the width of dark line in the transmitted 
white (or monochromatic) light pattern (see Section V). 

For example, for two cells of thickness d, = 36 pm and d2 = 22 
pm, respectively (as used in the experiments”,’), we have 8 = dl/d2 
= 1.636. If we apply pressure gradients such that (dpldx),/(ap/dx), = 

TABLE I 

Physical quantities of two liquid crystal cells having similar solutions 
[i.e. satifying Eq. (3.1)]. 

Cell Cell thickness Pressure gradient Wave Dark-line 
number velocity width 
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SOLITONS IN NEMATICS 53 

p-3 = 0.228, we will find that 6J6, = p = 1.636 corresponding to 
the two waves with c,/c2 = p- l  = 0.611 in the two cells. 

IV. STEADY STATES 

For the steady state ( M d T  = 0) which is uniform in X ,  8 = 8 (Y), 
Eq. (2.14) becomes 

d28/dY2 + g(8)QY = 0 (4.1) 

Noting that the boundary condition Eq. (2.16) or  (2.17) is unchanged 
under (8, Y) + (-8,  - Y), one obtains 

By Eq. (2.18), 8(-Y; Q )  = -8(C Q ) ;  we may discuss only the 
region of Y > 0. Let 

Eq. (4.1) becomes 

d28/du2 + (3u)-’d/O/du + g(8)Q = 0 (4-4) 

We now confine our discussion to the homeotropic case of Eq. (2.16). 
We thus have 

2 
where u = -(D/2)3’2. Integrating Eq. (4.4) once we have 

O - 3  

where 
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54 C. SHU and L. LIN 

and 8, is a constant given by (d8/du),,,, = 0. The existence of On, 
is guaranteed by Eq. (4.5) and the mean-value theorem. By Eq. (4.6) 
and (d8/du)2 2 0, we see that no solution can exist in the domain 
such that 

It can be shown that such regions of 8 indeed exist and there are 
multiple solutions of 8(Y) corresponding to each Q.' In some of these 
solutions, it is possible that 8, > 8,, the alignment angle given by 
d 4  < 8, = cos-' ( -  y) < d 2 .  These solutions may be excited ex- 
perimentally when the supplied energy is high. 

Figure 1 shows numerical solutions of Eqs. (4.1) and (2.16) with 
D/2 = 12.5 and Q = 0.001, 0.005, 0.01 and 0.03 respectively. Here, 
8, is the maximum angle and 8, < O,,. The parameters y = 0.96, y1 
= 0.77P, a, = O.O65P, a,, = 0.83P, a5 = 0.46P, ci6 = -0.35Pfor 

Q -0.03 7 
/ 0.01 \ I 

/ / 0.005 \ \ 

Y 3 

FIGURE 1 X-independent steady-state solution 0 vs. Y .  Q > 0 and D = 25. 
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SOLITONS IN NEMATICS 55 

FIGURE 2 Maximum angle Om from Figure 1 as function of Q. 

MBBA are used. O m  from Figure 1 as function of Q is plotted in 
Figure 2. 

V. SOLITONS 

For traveling wave 8 = 8(Y,  Z), Z = X-CT, Eq. (2.14) becomes 

Eq. (5.1) is too complicated to be solved analytically. We thus solve 
Eq. (5.1) numerically under the homeotropic boundary conditon 

and the free boundary condition 

where 2L is the width of the mesh used in the 2 direction. The details 
are given in Appendix A. The planar case can be solved similarly. 

Note that solutions of Eq. (5.1) are related by 
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56 C. SHU and L. LIN 

A. Single solitons 

In Figure 3(a), solution of Eqs. (5.1)-(5.3) with Q = 0.03 and C = 
30 is plotted. Material parameters for MBBA as in Figure 1 are 
adopted. Note that 8 = 0 at Y = 0, +D/2 and also at Z = 0. For 
fixed Y between 0 and D/2, the curve 8 vs. Z looks like the A-soliton 
[Eq. (A8), see also Figure 3(a) of Reference 6 or Figure 3 of Ref- 
erence 21. For - D/2 < Y < 0 ,  8 vs. Z curve looks like the antisoliton 
(see Figure 4 of Reference 2) .  These are summarized in Figure 3(b). 

By Eq. (2.10) the velocity profile is given by 

I I 111 I IU I 

Y 

FIGURE 3 (a) Numerical soliton solution of Eq. (5.1). 0 = 25,  Q = 0.03, C = 
30. (b) Sketch of 8 vs. Z for fixed Y (Q > 0, C > 0). Solid line: 0 < Y < 0/2.  Broken 
line: -012 < Y < 0. 8 = 0 for Y = 0, 2 D/2.  
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SOLITONS IN NEMATICS 57 

where V ,  = v,dh and E is determined by the boundary conditions 
of V, = 0 at Y = 2 0 / 2 .  For a traveling wave 0 ( Z , Y ) ,  Eq. (5.5) 
becomes 

Note that by Eqs. (2.12) and (2.15), (0) = -1/21y,l(y + cos28) 
< 0. +2 > 0 for MBBA. For Q < 0 and C > 0, the velocity profiles 
of V, along the x axis are sketched in Figure 4. At Z = ~ C Q ,  the 
profiles are identical parabols and equal to that of the steady state. 
At Z = 0 where la0/aZl (for each Y )  is maximum, V, at Y = 0 
assumes the largest value. For Q > 0 and C > 0, the velocities are 
reversed in direction. When Z is replaced by X in Figures 3 and 4 
the configurations shown may be viewed as the patterns at T = 0 
which then propagate without distortion in the positive x direction 
with velocity C. 

Equation (5.6) and Figure 4 are approximate results. In any case, 
since near the center of the soliton, dV,/dX is non-zero and varies 
with X Eq. (2.8) implies that there is always a non-zero V, = V,(Z,Y)  
there. 

Note that Eq. (2.10) implies that for given aplax, under y 4 - y 
one has 0 + - 0 and v, + v, (in agreement with our Figures 3 and 
4). Therefore, no backflows14 (with v, + - v, when y + - y )  are 
possible. Solutions of Eq. (5.1) other than the type shown in Figure 
3 are possible (see Appendix A). 

For monochromatic light transmitted through crossed polarizers 
(with polarization direction at 45" to the x axis) sandwiching the liquid 
crystal cell, the transmitted light intensity is given by 

I = I. sin2 (.rr6/ho) (5.7) 

FIGURE 4 Velocity profiles of V,. Q < 0 and C > 0. 
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58 C. SHU and L. LIN 

where A, is wavelength of incident light in vacuum and 

di2 

- d/2 6 = I dyn, {[l - (1 - n$n,2) sin20]-”* - I}  (5.8) 

with no(n,) being the index of refraction of the ordinay (extraordinary) 
light. 

The curve I/I, vs. 2 consists of a series of maxima and minima with 
unity and zero in magnitude respectively (see Figure 6 of Reference 
6). The positions of the points with I l l ,  = 0.5 with the region between 
two adjacent points with a minimum in between painted black are 
depicted in Figure 5 .  (These graphs correspond to the black-and- 
white photographs taken experimentally.) Here, solutions of Eqs. 
(5.1)-(5.3) similar to that in Figure 3 (with parameters same as in 
Figure 1) are used in Eq. (5.8) and no = 1.535, n, = 1.745 
MBBA are adopted. A, = 6326 A. The other parameters are: (a) d 
= 22 pm, Q = 0.03, C = 30, (b) d = 36 pm, Q = 0.03, C = 30, 
(c) d = 36 pm, Q = 0.01, C = 30. 

For white light, ratio of the transmitted to incident intensities is 
given by ~ I ( A o ) d A o l ~ I o ( A o ) d A o .  Without knowing the spectrum of the 
incident white light, for simplicity, I,@,) is assumed to be independent 
of Ao. I/I, of several transmitted monochromatic lights are calculated 
and averaged. Figure 6 shows the results with the parameters of d, 
Q and C in (a)-(c) the same as that is Figure 5 .  In the averaging 
process, seven A,’s are used. They are A, = 4000 A ,  4500 A, 5000 
A, 5500 A, 6000 A, 6500 A and 7000 A. no is assumed to be inde- 
pendent of A, (see Reference 16) such that no = 1 S 3 5 ;  n, as a function 
of A, is taken from Reference 16. As seen from Figure 6,  for the 
same Q and C, the half-width of the central valley (the dark line) is 

-&@ -40 0 40 80 z 
FIGURE 5 
sponding to single solitons. 

Theoretical “photographs” of transmitted monochromatic lights corre- 
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SOLITONS IN NEMATICS 59 

-40 0 20 

-40 -20 0 20 

I 

-20 0 20 z 40 
FIGURE 6 Calculated transmitted white-light intensities corresponding to single 
solitons. Parameters for (a)-(c) the same as those in Figure 5 (see text). 

narrower for the thin cell; for the same d and C, the half-width is 
narrower for larger Q. The I = 0 point corresponds to  vertical mol- 
ecules (0 = 0 for all y ,  the soliton center in Figure 3) which appear 
as zero in all the I(&) component curves. While the monochromatic 
intensity curves may give more information in the distribution of the 
directors it is the location of the dark line in the white light curve 
that tells us precisely where the molecules are vertically oriented. 

B. Collision of solitons 

Solutions of Eq. (2.14) containing two solitons in relative motion are 
not traveling waves. To describe such a process, we solved Eq. (2.14) 
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60 C. SHU and L. LIN 

numerically with an initial O(X,Y) at T = 0 given in Figure 7. The 
details are presented in Appendix B. 

For Q = 0.03, the development of the initial data according to the 
difference equation (Bl )  shows that the two parts near 8 = 0 more 
or less maintain their shapes but move towards each other (along the 
x axis) when they are far from each other. As they approach and 
near each other, the middle part between them flattens out and 8(X,Y,T) 
approaches Os(Y) ,  the steady-state solution of Section IV. For fixed 
Y, the 8 vs. X curve transforms with time in a way similar to the 
annihilation of a pair of solitons in the one-dimensional case.2 
This process is sketched in Figure 8 for Y > 0. For Y < 0 , e  + - 0. 

Corresponding to Figures 7 and 8, there will be two dark lines 
observed with transmitted white light. These two dark lines approach 
each other and vanish when they meet, as sketched in Figure 9. 

12 

FIGURE 7 Initial state used in the numerical calculation of two colliding solitons. 

L 

0 -  

- 
- X  

FIGURE 8 Time development of cross-sectional curve 9 vs. X for fixed Y .  Y > 0 
and Q > 0. As time T increases the 9 vs. X curve goes through stages 1 ,  2, 3 and 4. 
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SOLITONS IN NEMATICS 61 

X 

R u n o  
- T  

FIGURE 9 Sketch of “photographs” of transmitted white light corresponding to the 
colliding solitons depicted in Figures 7 and 8. 

VI. COMPARISON WITH EXPERIMENTS 

In the experiment of Shu, Zhu and Lin,” homeotropic MBBA at 
25°C in a cell with glass plates of the size 20 cm x 5 cm x 0.5 cm 
each was used. The cell is sandwiched between crossed polarizers as 
described in Section V. The separation of the two plates is 22 pm 
(or 36 pm). Two small holes separated by 14 cm (or 16 cm) are made 
in the upper plate. Pressures p 1  and p 2  at these two holes located at 
x1 and x2 respectively can be controlled independently or simulta- 
neously. Photographs of transmitted monochromatic or white lights 
are taken. 

For definiteness, let us assume x ,  < x2.  In the experiments, p ,  and 
p 2  are kept at constant values in four different time intervals. Let p1 
= p o  + a,, p2 = Po + b;, i = 1,2,3,4, where Po is the atmospheric 
pressure, a; and bi are constants within the time interval ( t i - , ,  t i ) .  to 

In one type of the experiments performed,” bi = 0, u2 < 0, 
u3 > 0, a4 < 0. For example, u2 = - 6  cm Hg, a3 = 6 cm Hg, a4 = 
-5.8 cm Hg. Under white light, in the first stage [ t  z (to, 4 ) ] ,  a 
uniform dark background was observed. In the second stage, a white 
background was gradually established. Then, in the beginning of the 
third stage, a dark line was seen running from x1 to x2 with its velocity 
(width) decreasing (increasing) at first but rapidlly approaching a 
constant. The same phenomena were observed in the fourth stage. 

According to our theory in previous Sections, the above obser- 
vations can be understood as follows. Since aplax = (p2 - p l ) / ( x 2  - 
xl) = (b; - ai) / (x2 - xl), in stage one, Q = Q, = 0. It is a static 
situation with all the molecules being vertical. In stage two, a constant 
pressure gradient of aplax = -a2/(x2 - x J  > 0 (Q = Q2 > 0) is 
established. An x-independent steady state of the form shown in 

- 

= 0 = a, = b,. 
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62 C. SHU and L. LIN 

Figure 1 is formed eventually. In stage three, one has aplax = 

- ~ 3 / ( ~ 2  - xl) < 0 ( Q  = Q3 = - Q 2  < 0) instead. An initial state 
width O(y) given by Figure 1 for x > xo and 8 ( y )  given by the reverse 
of Figure 1 (i.e. 8 += - 8) for x < xo, where x1 < xo < x2 and xo 
close to xl, is formed in the beginning. Such a state has O(x),  for fixed 
y with y E( - d/2, 0) and (0, d/2), being a step function and showsup 
as a very thin dark line under white light. As time increases, such an 
initial state will travel in the positive x direction according to Eq. 
(2.14) with Q = - Q 2 .  The step function is now distorted and ex- 
panded. The function 8 (x ,y, t )  eventually evolves into the soliton 
solution of our Section V in the reversed form of our Figure 3 (i.e. 
8 + - 8). In the process, the width of the cross-sectional curve 8 ( x )  
(for fixed y )  near 8 = 0 expands with time resulting in an increasing 
width of the dark line under white light as observed experimentally. 
When the dark line reaches x2 before the end of the stage three, an 
x-uniform state 8 ( y )  given by the reverse of Figure 1 (i.e. that part 
of the initial state for x < xo)  will occupy the whole cell. In stage 
four, aplax = -a4/ (x2 - xl) > 0 (Q = Q4 = -Q ,  > 0) and the 
whole process of stage three is repeated but with 0 replaced by -8. 
The fact that Q4 # 1Q3( results in an intial state with the maximum 
8's in the two parts of x < xo and x > xo slightly differing from each 
other. The rest is the same. Orientations of the molecules in the cell 
corresponding to these four stages are sketched in Figure 10. 

A typical set of experimental data give d = 36 pm, velocity of 
dark line (under white light) c = 10 cm s- l ,  width of dark line tiexp 
= 0.17 cm, [ail = 10 cm Hg, x2 - x1 = 14 cm. In order to use the 
numerical solutions obtained in Section V directly, we set p o  = 48.2 
dyn cm-2. We then obtain A = 1.44 x cm, 7 = 2.59 x lo-' 
s and C (= c ~ A )  = 1.8 x 102, lQl = 0.03 and D = 25. The theoretical 
dark-line width is found to be ti,, = 0.06 cm, which is of the same 
order magnitude as tiexp. 

In another type of experiments performed," a2 = -b2 = 7.0 cm 
Hg, a3 = - b3 = -6.8 cm Hg, a4 = -b4 = 6.6 cm Hg. Phenomena 
at stages one and two are the same as above. But in the transition 
form stage two to three, under white light, instead of one single dark 
line, two dark lines are generated which subsequently travel in op- 
posite direction towards each other. When they meet they merge into 
one and then vanish altogether. In stage four, same phenomena is 
repeated. 

We have, in this experiment, Q, = 0, Q2 < 0, Q3 > 0 and 
Q4 < 0. Stages one and two can be explained as above. In the tran- 
sition from stage two to three, both a, and b, are reversed in sigr, (in 
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FIGURE 10 Sketch of molecular orientations during the four stages [denoted by 1) 
to 4)] in the expenments" generating a single soliton. 

contrast to the previous case in which bi = 0 all the time). An initial 
state as depicted in Figure 7 is generated. The time evolution of this 
state discussed in Section VB and shown in Figure 9 corresponds 
exactly to what was observed. Stage four can be understood similarly. 
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64 C. SHU and L. LIN 

Note that one actually needs only one hole in the cell to generate 
single solitons. The essential point is that a, (or 6, for that matter) 
should be reversed in sign. Whenever this happens there should be 
two solitons generated traveling away from the hole in opposite di- 
rections. In the experiments of Reference l l  described above, one 
of these two solitons is blocked by the end of the cell (near which x1 
or x2 is located). With two holes present and both a, and b, reversed 
in sign we always obtain two solitons. Asymmetric situations (e.g. 
two colliding solitons meet off the center) can be created by reversing 
a, and b, at different times, say. 

A third type of experiments have been carried out" in which a, = 
6, and a2 = -a3  = a4 < 0. In this case, in stages three and four, 
two dark lines (under white light) are generated which then collide 
with each other but merge into one with constant width. This case 
corresponds to Q = Q ( x )  and is more complicated. However, it can 
still be understood2 within the picture developed in this paper. 

Our Figure 5 for monochromatic lights agrees with experiments" 
qualitatively. For higher Q, O varies more rapidly with x and hence 
more dark lines in the transmitted light spectrum. 

VII. DISCUSSION 

Within the assumptions of M = 0, d8ldr = dO/dt and identical elastic 
constants we note that Eqs. (2.9) and (2.10) are exact results of Eqs. 
(2.3) and (2.4) if 8 and w, are uniform in x .  (In this case v v  = 0.) 
The approximations of Eqs. (2.9) and (2.10) thus amounts to retaining 
only two terms related to the x-variations, viz., Ka20/ax2 and 

In the one-dimensional shearing c a ~ e , ~ . ~  the two asymptotic limits 
of the soliton solution at x = -C CQ are uniform states of the nonlinear 
equation of motion (which seems to be also true in other one-di- 
mensional cases"). This is no longer true in the two-dimensional case 
considered here. As shown in Figure 3, while the cross-sectional curve 
O(Y) at 2 + --'s. is of the form expected for the steady-state Eq. 
(4.1), e (Y)  at 2 *m is definitely not. In this regard, we note that 
the analytic solutionla of the two-dimensional sine-Gordon equation 
shares this property. (Specifically, we mean that the solution given 
in Eq. (15) of Reference 18 (in which should be replaced by 
l/*) at q -+ 5 = does not satisfy the equation a2@/a2q = sin2@.] 

While the problem considered in this paper is intrinsically two- 
dimensional in space (because apldx # 0) the soliton solutions and 
the physics involved can nevertheless be understood qualitatively by 

- apiax . 
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SOLITONS IN NEMATICS 65 

viewing each layer of the cell (with y fixed) as a one-dimensional 
system (in x ) .  In other words, the factorization of 8 in Eq. (A7) 
though not exact is a pretty good or useful approximation. 

We note that our results do not depend too critically on the specific 
forms of f(0) and g(8) in Eq. (2.14) as long as the nonlinear factor 
(y + cos20) in g(8) is there. Simplifications may be achieved by 
replacing f(0) and &(8) by constants. 

From the results of Section VI, we conclude that our nonlinear 
equation, Eq. (2.13) or (2.14), is a good description of the experi- 
mental data." In particular, solitons are indeed generated and ob- 
served by applying pressure gradients in nematics. 

Finally, we would like to call attention to the presence of nonlinear 
waves and solitons in liquid crystals. Their existence has been dem- 
onstrated. They will affect the light-scattering spectrum, thermal 
properties and phase transitons of the systems under consideration, 
as demonstrated already for other condensed-matter s y ~ t e r n s . ~ * ' ~  

APPENDIX A. NUMERICAL SOLUTIONS OF EQS. (5.1)-(5.3) 

Equation (5.1) is replaced by the five-point difference equation, 

O,,, = [2(1 + h2)]-' [h20,+1,, + h2 O j - l , j  + 

+ -Ah, 
2 

where h = ht/h:, h, and h, are respectively the separations of the 
mesh points in the Y and Z directions, 8,.j = 8(Y = Y;,  Z = Z,), 

Q, ( e i , j )  $2 (e;.jYId (A41 

The boundary conditions Eqs. (5.2) and (5.3) are written in the form 
of difference equations, 
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66 C .  SHU and L. LIN 

where D = mh,, 2L = nh,. 
The right-hand side of Eq. (Al)  is denoted by 

which is then taken as 

Under the conditions of Eq. (A5), Eq. (A6) can be solved itera- 
tively.20 In Eq. (A6), the superscripts 1 and I + 1 represent the orders 
of iteration. 

To begin the iteration, the initial value is chosen to be 

6;j = 6,(YI)  6,(2,), 1 S i < m + 1, 1 S j S n + 1 (A7) 

where - 6, is the steady-state solution of Section IV (see Figure 1) and 
6, = 8,/60, with 8, being the A-soliton solution in the case of uniform 
shearing n e m a t i c ~ ~ , ~  given by 

- 
6,(Z) = tan-’ {wtanh [(y - 1) wZC]} (A8) 

where w = [ ( l  + y)/(l  - y)]; and C >> 1. Note that 6, ( x )  = 1 
and 6, ( - x )  = -1. 

The parameters needed in our numerical calculations are chosen 
according to the material parameters of MBBA and the conditions 
of the experiments.ll.’ In practice, we have used D/2 = 12.5, L = 
135, h, = 0.125, h, = 0.0625, Q = 0.0005-0.03 and C = 30-120. 
The iteration is stopped when the error is less than 0.005 in successive 
runs. 

If in Eqs. (A7) and (A8), 6, is replaced by the one-dimensional B- 
soliton solution6 

- (1 + V)Z (2) = cot-’ {i tanh [ - wc ]} (A9) 

with C >> 1, the C- or D-soliton (see References 2 and 3 for defi- 
nitions) solution it is possible to obtain traveling wave solutions of 
Eq. (5.1) other than that shown in Figure 3. For C not satisfying C 
>> 1, the analytic forms of Eqs. (A8) and (A9) are no longer valid, 
but one can always use the numerical solutions of the one-dimensional 
A- ,  B-, C- or D-solitons corresponding to the various possible C values 
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SOLITONS IN NEMATICS 61 

see Table I of Reference 2 for the domain of C for each type of 
solitons). 

Type A is used here because it is the only one containing vertical 
molecules and can travel with large velocities (see Section VI). 

APPENDIX B. 
SOLITONS 

NUMERICAL SOLUTIONS OF TWO COLLIDING 

The difference equation corresponding to Eq. (2.14) is 

where 

A ,  E y - i(y + ~0~20;,,)~/@(0f,j) 

B,  = Q(y + cos29;,,)/@(0:,,) 

Here, h,, h, and h, are, respectively, the separations of mesh points 
in the X ,  Y and T directions; @ is defined in Eq. (A4). Equation 
(A5) (with h, replaced by h,) and the initial condition 

ep,, = 9(X,,Y;,T = 0) = +(X,,Y;), 

l < i < m + l , l c j s n + l  (B3) 

are used. c$ is chosen to be 

$(Xj ,Yj)  = es(Yi) e,(Xj), 1 s j c n' 
(B4) 

= 0,(Y;) 9Z(Xj), n' < j n + 1 

where n' is an integer satisfying n/2 S n' S (n + 1)/2, BS the same 
as in Appendix A. e,(X,) is the same as 9,(Z,) but displaced in the 
X direction. 9, (X,) is 8, ( - X,) and is also displaced in the Xdirection 
such that 9,(Xn') = 9, (Xn') .  The rapidly varying portions of 9, and 
Ba are within the mesh. A 4 (X,, Y, )  so chosen is displayed in Figure 
7.  

In our numerical calculations, h, = 0.01, h, = h, = 0.25 are used. 
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